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Abstract

The last several years have seen a growth in the number of publications in
economics that use principal component analysis (PCA), especially in the area of
welfare studies. This paper gives an introduction into the principal component
analysis and describes how the discrete data can be incorporated into it. The ef-
fects of discreteness of the observed variables on the PCA are overviewed. The
concepts of polychoric and polyserial correlations are introduced with appropriate
references to the existing literature demonstrating their statistical properties. A
large simulation study is carried out to shed light on some of the issues raised in
the theoretical part of the paper. The simulation results show that the currently
used method of running PCA on a set of dummy variables as proposed by Filmer
& Pritchett (2001) is inferior to other methods for analyzing discrete data, both
simple such as using ordinal variables, and more sophisticated such as using the
polychoric correlations.
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1 Introduction

One of the recurrent ideas and needs in the development economics studies at the micro
level is to assess the socio-economic status (SES) of a household or an individual. Such
estimates usually serve as an input to another analysis such as inequality or poverty
analysis, tabulation of population characteristics by quintiles or deciles, or regressions
that involve welfare as an explanatory or dependent variable and aim at explaining the
household health status or certain behavior.

Broadly speaking, the socio-economic status involves many dimensions: education
and occupation of family members, their access to goods and services, and the wel-
fare of the household as a measure of the goods and services accessibility. We shall
concentrate on the economic components of the socio-economic status in this paper.

Often, straightforward numeric measures of welfare such as household income
or consumption are not available or not reliable, especially in non-market economies
where a large fraction of economic activities is carried out outside of the market. This
does not have to be anillegal black market activity. Family farming where family mem-
bers are not paid salary, but rather consume a large portion of their produce is a good
example.

In such situations, the researcher has to deal with other proxies for the household
wealth and/or consumption and use those in deriving an index of the household welfare.
Such proxies must be easier to observe than income, and possession of durable goods
and living conditions are used more and more often as those proxies: the interviewer
can simply observe and record the household status, or ask sufficiently simple questions
such as “Do you own a TV set?” or “What is the source of the drinking water in your
house?” Those variables with a small number of clear response categories suffer much
less measurement and reporting error than does income or expenditure, although they
would still contain a lot of measurement error in terms of measuring socio-economic
status.

The use of a single proxy is likely to lead to unreliable and/or unstable results, so a
natural idea would be to incorporate a number of such proxies to compensate for var-
ious measurement errors that stand between the proxy and the concept it is supposed
to measure. Fortunately, the researcher can observe the possession by a household of
several durable goods, as well as record the characteristics of a dwelling. That way,
something between 10 and 20 characteristics (possibly with several levels) can be ob-
served, and then the analyst must have a method for aggregating such proxies. By far
the most popular method is to assign coefficients, or weights, to those observed vari-
ables, and sum them up. The weights may come from some economic considerations,



such as assigning a monetary value for durable goods; from statistical considerations,
such as principal component analysis; or from other considerations, such as putting all
coefficients to one. That way, the researcher obtains a univariate measure of welfare.
It may not have a direct interpretation, say, in dollar terms, unless some measures of
income, expenditure or wealth are used explicitly in the analysis as the nominal an-
chors, and have the coefficients set to one. Otherwise such a measure cannot be used
directly for poverty analysis in terms of relating somebody’s disposable resources to
an absolute figure like $1 a day, but it finds use in ranking individuals, make deci-
sions regarding the allocation of projects that are to benefit the poor, or as an input to
other research problems where the researcher is interested in relation between SES and
observed behaviors.

A thorough review of the existing methods of SES assessment in application to the
fertility studies is given in Bollen, Glanville & Stecklov (2001) and Bollen, Glanville
& Stecklov (2002). They note that “measures of SES ...vary widely within and be-
tween disciplines regardless of the outcome”, and “empirical implementations of SES
...are often driven by data availability and the empirical performance of indicators as
much as they are by theoretical groundwork”. Upon providing a thorough review of
the methods and concepts related to SES, such as Friedman’s permanent income thesis,
they compare the performance in terms of external validity (the explanatory power in
a regression with fertility as a dependent variable) of a simple sum of the assets (i.e.
total number of durable goods possessed by the household), sum of current values (as
assessed by the household itself), sum of median values (where the median value of
the asset across all households is taken as the market price of an item), principal com-
ponents, as well as measures based on single variables such as occupational prestige,
or expenditure per adult. They found that the best fitting measures were the principal
component measure and a simple sum of asset indicators.

The principal component analysis was developed in early 20th century (Pearson
1901b, Hotelling 1933) in psychometrics and multivariate statistical analysis for simi-
lar purposes of aggregating information scattered in many numeric measures, such as
student scores on several tests. It is a standard multivariate technique described in such
textbooks as Anderson (2003), Mardia, Kent & Bibby (1980), Flury (1988), Jolliffe
(2002) and Rencher (2002). In economics, the method has been applied to the stud-
ies of cointegration and spatial convergence (Harris 1997, Drakos 2002), development
(Caudill, Zanella & Mixon 2000), panel data (Bai 1993, Reichlin 2002), forecasting
(Stock & Watson 2002), simultaneous equations (Choi 2002) and economics of educa-
tion (Webster 2001). See also reviews of the factor models in Bai (1993) and Wansbeek



& Meijer (2000). Krelle (1997) gives a review of a number of methods aimed at esti-
mation of unobservable variables, including PCA.

One of the earliest and most influential papers in development economics and popu-
lation studies for the construction of socio-economic indices that used PCA was Filmer
& Pritchett (2001) (and an earlier working paper version Filmer & Pritchett (1998)).
They used the data on household assets (primary importance durable goods such as
clock, bicycle, radio, television, sewing machine, motorcycle, refrigerator, car), type
of access to hygienical facilities (sources of drinking water, types of toilet), number of
rooms in dwelling, and construction materials used in the dwelling.

The methodology was quickly accepted by the World Bank (Gwatkin, Rustein,
Johnson, Suliman & Wagstaff 20@3Gwatkin, Rustein, Johnson, Suliman & Wagstaff
2003%) and ORC/Macro Demographic and Health Sur@a&;the way to assess socio-
economic status of a household based on the household assets (electricity, radio, tele-
vision, telephone, refrigerator, bicycle, motorcycle, car or truck) and facilities (source
of drinking water, toilet type, source of heat for cooking, materials used for flooring,
walls, and roofing).

Despite the nice title “Estimating wealth effect without expenditure data — or
tears”, the paper by Filmer & Pritchett (2001) has not quite solved all of the method-
ological problems. The primary critique that can be raised for the method used in the
aforementioned papers is that the use of dummy variables in the PCA is not justified, as
PCA “asis” is only suitable for continuous data. It was developed for the samples from
multivariate normal distribution (Hotelling 1933, Anderson 2003, Mardia et al. 1980),
and most of the theoretical results, including the implicitly used consistency of the
estimates of the factor loadings, were derived under the normality assumption. See
AppendiqA for technical results.

In fact, the Filmer & Pritchett (2001) go further than just using the discrete welfare
indicators as if they were continuous. Instead, a dummy variable was used for each
category of the discrete variable, so the variable “Source of drinking water” with cate-
gories 1 for lake or stream, 2 for tube well, 3 for pipe outside the dwelling, and 4 for
the pipe inside the dwelling will be represented by four dummies (or three if a perfect
collinearity is to be avoided; see argument about numerical stability in Appgrjdix A).
The reason for doing so may have been the common recommendation to use individual
binary indicators whenever the categorical variable is to be used in regression analysis.
The recommendation is certainly warranted when the variable is an explanatory one.
For the purposes of PCA, however, we want to stress that the input variables should be

1 See http://www.measuredhs.com.



treated aslependentnes. The analysis must be modified accordingly, since the assets
used in the PCA are indicators, or outcomes, of the welfare, rather than determinants
of it.

One consequence of using the dummy indicators in PCA for construction of the
welfare indices is that doing so introduces a lot of spurious correlations if there are
more than two categories for a variable (and thus more than one dummy variable per
categorical factor is created). The dummy variables produced from the same factor are
negatively correlated, although the strength of dependence declines with the number
of categories. The PCA method then starts “getting confused” as to whether the main
source of the common variation in the data is due to the correlation with the unobserved
welfare (as we want it to be, and we want PCA to capture this cross-dependence), or due
to the correlation among the variables that belong to the common categorical variable
(as introduced by the researcher through the use of dummy indicators). Even if the
former is a strong relation, it might get blurred by the latter, and thus these spurious
correlations may tend to generate incorrect estimates of the socioeconomic index. The
goodness of fit measures are going to deteriorate, too, since the PCA will see a noisier
covariance matrix.

Besides, the Filmer-Pritchett procedure loses all of the ordinal information, if there
were any. It can be argued that one of the strengths of the Filmer-Pritchett method is
that it does not make any assumptions regarding the ordering of the categories. We
tend to think, however, that if you have additional information, it can and should be
incorporated, as it helps producing more accurate results. As it is always the case in
statistics and econometrics, the model-based methods produce more efficient results for
well-specified models than semi- or non-parametric methods. Here, the weakest form
of the model assumptions used is that the researcher can provide ordering of categories
based on the substantive knowledge of the problem.

There is a substantial literature on the use of discrete data in mutlivariate methods.
The foundations for the use of ordinal data and the foundations of the principal compo-
nent analysis were developed at the same time and by the same person. The latter was
done in Pearson (190}, while Pearson (19@) introducedetrachoriccorrelation for
a two-by-two contingency table as an improved measure of correlation between two
binary variables. Further work with major contributions of Pearson & Pearson (1922)
and Olsson (1979) introduced conceptpolychoricandpolyserialcorrelations as the
maximum likelihood estimates of the underlying correlation between the unobserved
normally distributed continuous variables from their discretized versions. Other lit-
erature such as Bollen & Barb (1981), Babakus, Ferguson, Jr. & Joereskog (1987),
Dolan (1994), and DiStefano (2002), among others, has looked at the effects of catego-



rization in a closely related area of structural equation modelling with latent variables,
also known as linear structural relations. We have found only one application of the
polychoric correlations in economic indexing systems (Bartolo 2000).

Yet another aspect of PCA that we shall only briefly mention in passing is the ef-
fect of complex sample design on the principal component analysis. Skinner, Holmes
& Smith (1986) show that analysis that does not take into account the design leads to
biased estimates for disproportionate designs (i.e., those where probabilities of selec-
tion differ for different members of the population).

The goal of this paper is to provide an overview of PCA and examine how discrete
data can be appropriately be used with it. The other purpose of the paper is to exam-
ine the performance of different procedures for using PCA with discrete data typically
available in household health surveys for measuring SES. We present a number of small
analytical examples that demonstrate the results of PCA with simple discrete distribu-
tions. For more complex situations, we designed and carried out a large simulation
project that also confirmed that the Filmer-Pritchett procedure yields results inferior to
other methods.

The remainder of the paper is organized as follows. The next section reviews the
main procedures of the principal component analysis, including the general formulation
(section 2.]1); the specific features of the discrete data that make it more difficult to
carry out the PCA with such data (sectjon]2.2); and the definitions and properties of
the polychoric and polyserial correlations (secfior] 2.3). Then s€ction 3 introduces our
Monte Carlo study. Sectign 3.1 presents the setup of the simulations comparing the
polychoric correlation and related approaches, and the Filmer-Pritchett approach of
PCA on dummy variables. Sectipn B.2 presents the numeric findings, and $ection 3.3
demonstrates some of them visually. Secfipn 4 concludes.

2 PCA and related procedures

2.1 Principal component analysis

If x is a random vector of dimensignwith finite p x p variance-covariance matrix
V[x] = %, then theprincipal component analysi®CA) solves the problem of finding
the directions of the greatest variance of the linear combination's ofn other words,
it seeks the orthonormal set of coefficient vectays. . ., a; such that



a; = arg max V[a'x],

a:||al|=1
!
a, = arg max \% [a X} s
a:flafl=1,

alaj,...,ar_1
1)

The maxima are those of a convex function on a compact set, and thus exist, and are
unique if there are no perfect collinearities in the data, up to the change of the sign
of all elements ohy,. The linear combination; x is referred to as thé-th principal
componen{PC).

The motivation behind this problem is that the directions of greatest variability give
“mostinformation” about the configuration of the data in multidimensional §pate
first principal component will have the greatest variance and extract the largest amount
of information from the data; the second component will be orthogonal to the first one,
and will have the greatest variance in the subspace orthogonal to the first component,
and extract the greatest information in that subspace; and so on. Also, the principal
components minimize thé, norm (sum of squared deviations) of the residuals from
the projection onto linear subspaces of dimensions 1, 2, etc. The first PC gives a line
such that the projections of the data onto this line have the smallest sum of squared
deviations among all possible lines. The first two PC define a plane that minimizes the
sum of squared deviations of residuals, and so on.

The principal components analysis can be carried out for both for the theoretical
distributions and the actual data. In the latter case, one would analyze the empirical
covariance matrix. Plotting several first components against each other can often give
good insight into the structure of the data, presence of clusters, nonlinearities, outliers,
etc.

There are a number of practical choices that researchers have to make when per-
forming the principal component analysis. The first one is to choose what variables to
include in the analysis. The desirable choice is that all variables describe a common

2 This statement makes exact sense when the vecteas multivariate normal distribution, and the
information is the Kullback-Leibler information (Kullback 1997) between the original distribution, and the
joint distribution of the first, ... k-th components.



phenomenon, and the primary application we are looking at in this paper is the welfare
analysis. As far as PCA was originally developed for the multivariate normal distribu-
tion and samples from it, the PCA will work best on the variables that are continuous
and at least approximately normal.

Another important choice to be made is whether the data need to be standardized.
If the original variables have wildly different scales, then the PCA will simply pick
the variable that has the highest variance as the direction of the greatest variability.
Most of the time, the researcher rather wants to find relations between the variables,
and for that purpose, one should analyze the standardized data, when each variable has
mean zero and variance 1, so that the principal component analysis indeed analyzes the
dependencies among the variables rather than differences in measurement scales. The
analysis of the standardized data is equivalent to analysis of the correlation matrix of
the original data. This would be the default option for most statistical packag@, too.

The solution to equatiof 1) is found by solving #igenproblenfior the covariance
(or correlation) matrixz: find \'s anda’s (with an identification conditiofia| = 1)
such that

Ya = la (2)

Some background on eigenproblems is provided in Appgndix B.

The solution of the eigenproblefn| (2) for the covariance or more commonly corre-
lation matrix gives the set of principal component weight&lso referred to afac-
tor loadingg, the linear combinationa’x (referred to ascore$ and the eigenvalues
A1 > ... > ), Itis easy to establish that[a,x] = A, given thaty z; = 1 (which
would be the case of the standardized data, or correlation matrix), so that the eigen-
values are the variances of the corresponding linear combinations. Then the linear
combination that corresponds to the largest eigenvalue is the one that has the greatest
variance. Note that the principal components are only defined up to a sign, so in the
applied work it is always worth checking if the principal components correspond to
the desired direction of the feature variation, such as higher values of the score should
represent richer households. Quite often the first component can be interpreted as a
measure of size, or a degree of expression of a certain feature, while the second, the
third, and so on components might have an interpretation of some structure of that
feature.

3 See also discussion in Appen@( E. Anderson (1963) finds deriving asymptotic results for the PCA on
a correlation matrix more difficult, and attributes that to the “difficulties of interpretations for correlations”
as compared to the interpretation of covariances.



A popular measure of fit by the principal components is referred for@sortion
of explained variance

i A
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Most of the time, one wants to see high proportions of variance being explained by
the first principal component, or few first components. It means that the variables used
as an input have a lot in common. Also, those proportions of explained variance find
a use in determining the number of “significant” components. For more details, see
Appendi{A.

The PCA is intrinsically a linear procedure, so it is non-robust, in the sense of
Huber (2003), to various distributional assumptions violations. In particular, if the
distribution ofz exhibits high skewness and/or kurtosis, the weights and eigenvalues in
PCA will have higher variances, and converge to their asymptotic distributions slower
(Davis 1977).

The model implicitly assumed by treating the first principal component as a suitable
index of welfare can be stated as follows. Suppose there is an unobserved \@riable
with a number of observed indicators (such as quality of water or housing materials;
we shall postpone the treatment of complications arising because of discreteness until

sectior] 2.P):

R

xk:Ak£+5k7 k:177p (5)

This is the simplest model of theonfirmatory factor analysi§CFA), which in turn is

a part of thestructural equations modellinffamework (Bollen 1989, Bollen & Long
1993, Bartholomew & Knott 1999, Kaplan 2000). More general CFA models may
include several factors, possibly correlated; allow different factors to be loaded onto
different variables; or allow the measurement errdtse correlated across different
indicatorsz. Note again that in this context, the (unobserved) level of welfasethe
explanatory variable, and the observgsiare the dependent variables in the system of
regression equations|(5).

2.2 Discrete data

A practically important violation of the normality assumption underlying the PCA oc-
curs when the data are discrete. There are several kinds of discrete data one can en-
counter in empirical analysis. Most often the discrete datéarary, i.e., a variable

that can only take one of two values, such as gender (male/female), ownership of a car,



or a decision to participate in a program. If there are several categories of a discrete
variable, they may or may not have some natural ordering. If they do, the discrete
data are referred to asdinal: there are several categories such that there is a mono-
tone relation between them. The examples might be: different levels of education (no
education, primary, secondary, higher, professional or advanced degree), subjective
well-being on a ladder scale (from 1 to 9 where 1 is the most miserable person, and
9 is the happiest one), or, in the context of the welfare studies we were motivated by,
different construction materials used in the building (no roof is worse than a straw roof,
which in turn is worse than than a wooden roof, and all of those are dominated by a ce-
ment roof). Often, binary data can be viewed as a special case of ordinal data with only
two categories (having a car is better than not having one). There may be no particular
order of the categories for other typescategoricalvariables, such as race and gender

of a person, industry of a firm, or a geographical region. Yet another type of discrete
data iscountdata, such as the number of crimes in a given area in a year, or a number
of children born to a woman.

In what follows, we shall only concentrate on the ordinal data (including binary
data). For the analysis of the truly categorical data with no natural ordering of cat-
egories, there is no obvious advice as to what should be done. We argue in this
paper that the Filmer-Pritchett PCA procedure of generating dummy variables from
such data introduces undesirable correlations. Other solutions can be sought in the
framework of the structural equation models, as explained in the end of the previ-
ous section. If the categorical factors such as region are believed to etéreni-
nantsrather tharoutcomeof the welfare, then the applicable model is referred to as
aMIMIC (multiple indicators and multiple causes) model. Discussion of this model is
beyond the scope of this paper. An interested reader may be referred to the standard
literature on structural equations (Bollen 1989, Bollen & Long 1993, Bartholomew &
Knott 1999, Kaplan 2000).

When we turn to the ordinal data, a simple andvaglug-in strategy would be
to use the discrete’s as if they were continuous in the PCA. Continuing our analogy
with the econometric models, this is what would happen if one runs OLS instead of
ordered logit/probit on the ordinal d@alf the ordinal data are used as if they were

4 In the PCA case however one can find an additional justification for this approach by noting that using
ordered categories can be viewed as computing Spearman’s rank corrglatimtead of Pearson’s moment
correlation in the analysis. Then, to be consistent, one should compute Speapmdoiseach pair of
variables, and use the matrix of rank correlations to run PCA on (Lebart, Morineau & Warwick 1984, Sec.
1.3.4). The rank correlations are robust to non-normality of the variables, which is important for both the
discrete data, and the income data which are usually heavily skewed unless transformed. They are also
robust to outliers which may not be much of an issue for discrete variables, but may be an issue for skewed
distributions such as that of raw income data. See Appﬂdix C for some details on rank correlations.
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continuous, problems may arise. The violations of the distributional assumptions in
PCA incurred by the ordinal data are the same sort of violations that econometricians
are concerned with in the discrete dependent variable models such as the logit/probit
models and their ordered versions. Indeed, within the framework of the njiddel (5), the
observed indicators really are the dependent variables!

The most common way of analyzing the discretization effects is to assume that
there are underlying continuous variablgsthat have the pre-specified relation to the
underlying latent variable (welfarg) as in the CFA mode[ {5):

X" = Al +6, V[5] =0, =diaglsy,....0x], V] =2 6)

If the observedr;’s are ordinal with the categorids. .., K, then it is assumed that
they are obtained by discretizing the underlyirigaccording to the set of thresholds

Qly vy O K —1-
xp =71if o o1 < T < Oy (7

whereay,g = —o0, ax,x, = +00. S0,z’s are dependent variables, and$ were

observed, we would use ordered dependent variable models to analyze the relations
betweert andz.

Let usillustrate the above notation with a simple example. It will also show some of
the problems that arise because of the discrete character of the data, such as excessive
skewness and kurtosis.

Example 1.

Table 1: The joint distribution of the discretized data in Exarhple 1.
r1=1|21y=2| 27 =3| 1 =4 | Marginal
29=31] 02% | 21% | 6.9% | 6.7% 15.9%
=21 08% | 82% | 20.6% | 14.4% | 44.0%
zo=11] 1.3% | 10.1% | 19.0% | 9.7% 40.1%
Marginal | 2.3% | 20.4% | 46.5% | 30.8% | 100%

On Fig.[], the parameters are as followsi;1 = —2, a12 = —0.75, a3 = 0.5;
az,1 = —0.25, az,2 = 1, and the correlation of the underlying bivariate normal is 0.2. The
cell proportions and the marginal are given in T4Ble 1. Note that the joint distribution aid
x2 is an example of the opposite skewnessis skewed to the left (with skewness -0.40), while
x2 is skewed to the right (with skewness 0.39). Another important feature of this discretized
bivariate data is high kurtosis: the kurtosisaaf is 2.52, and kurtosis ofs is 2.04. Typically,

11



Figure 1: Categorized bivariate normal distribution.

high kurtosis is associated with the data that have heavy tails at infinity; this example, however,
shows that even despite the finite range, the kurtosis is substantial. X

There is a number of implications of the discrete character of the data if the ob-
served discrete,,'s are used directly in the standard principal component analysis. The
problems related to the discrete data have received a considerable attention in quanti-
tative sociology (Olsson 1979, Bollen & Barb 1981, Johnson & Creech 1983, Babakus
et al. 1987, Dolan 1994, DiStefano 2002).

First, the distributional assumptions (nhormality) are seriously violated. Obviously,
the discrete data do not have a density (at least with respect to Lebesgue measure).
Also, even despite the finite range, the discrete data tend to have high skewness and
kurtosis, especially if the majority of the data points are concentrated in a single cat-
egory. Even with moderate discretization in Exanigle 1, the skewness and kurtosis
were not negligible. PCA only addresses the second moments of the data, in essence
approximating the real data with the normal distribution of the same mean and covari-
ance matrix.

As far as the distribution of the data is not a multivariate normal, the standard results
on the asymptotic distributions of the eigenvalues and eigenvﬁmaed to be mod-
ified (Davis 1977). The normality will still hold as the eigenvalues and eigenvectors

5 See Appendi@\ for the existing results on the asymptotic distributions of the eigenvalues and eigen-
vectors.
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are functions of the covariance matrix, whose entries are asymptotically normal since
they are sums of i.i.d. variables. The parameters of the resulting asymptotic normal
distribution, however, depend crucially on the fourth moments of the data generating
distributions.

Second, and maybe even more important, consequence of the discreteness is that
the covariances or correlations between the discretized versjons of the variables
of interest are not equal to the “true” covariances or correlations of the (unobserved)
underlying variables, 3. They mostly tend to be biased towards 0, as the following
example demonstrates.

Example 2. Suppose two binary variables,, x> were obtained by categorizing,
x5 that came from a bivariate normal distribution with standard normal marginals. Denote
corr(zy,z3) = p, and

Dy(s,t;p) = / / %\/%7 exp[—ﬁ(u2 — 2puv + 112)] du dv (8)

the cdf of the bivariate standard normal distribution. If the thresholds are givea bandas 1
(cvi,0 = —00, @i 2 = 400, @ = 1, 2), then the proportions in cell, j) is
mi,; = 7(i,7; p,a) = Prob[z1 = 4,22 = j] =
= ®a(a1,4, @255 p) — P2(1,i-1, 02,55 p)—

— ®o(ai,i, az,j-1;p) + Po(a1,i-1, a2 5-1; p) )

wherei, 5 = 1,2. Then it is easy to establish that

T1 =m0 + w11, T2 = To1 + 11
Va1 = (7m0 + m11) (o1 + 700), Va2 = (mo1 + m11) (710 + 700),
Cov[z1, z2] = moo(m10 + m11) (701 + 711) — 701 (710 + 711) (700 + T10)—

—710(mo0 + mo1)(mo1 + 711) + 711 (o0 + mo1) (oo + T10) (10)

The dependence of the observed correlation on the underlying correlation and the threshold
structure in a 22 case is shown on Fig] 2. The lines from top to bottom are based on thresholds
of 1,1 = 0 andasz,; = 0 (and hence marginal proportions of 0's and 1's equal to a half,
labelled as “Half-half” on the plot), 0.67 and 0.67 (which gives the proportion of 0's about
3/4, and proportion of 1's about 1/4, labelled as “Upper Q - Upper Q" on the plot), 0 and 0.67
(labelled as “Half - Upper Q"), and -0.67 and 0.67 which gives the opposite skewness (labelled
“Upper Q - Lower Q"). All of the lines lie below the diagonal which is in agreement with the
above suggestion that the correlations are biased towards zero. If the thresholds are not the same,

13



the observed correlations do not reach 1 even if the underlying correlation is 1. The worst is the
case of opposite skewness of the binary indicators: the correlations then do not exceebl0.33.

Examplg P shows that in the extreme case of dichotomizing the continuous distri-
bution, the correlations are largely underestimated. Even if the underlying variables
x3, =4 are perfectly related (i.e., the correlation between them is 1), their discretized
manifestation may show correlation that is far from 1 unless the categorization thresh-
olds match exactly. For all values of the correlation, however, the correlation based on
the discrete versions,, x» is lower than the correlation of the underlying “starred”
variables. In a more general case of more than two categories, categorization can be
viewed as a measurement error with nonlinear properties, and the authors are not aware
of the general literature that shows that correlations go down because of discretization.

Correlation based on discrete data

0 .2 A4 .6 .8 1
Underlying correlation

————Half-half ———— Half - Upper Q

—— ——— Upper Q-UpperQ —— ——- Upper Q - Lower Q

Figure 2: Correlation of the bivariate binary data obtained from a bivariate normal
distribution.
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It is however very well established empirically in sociological literature cited above.

As long as the covariance structure of the observed variables no longer complies
with the theoretical model likg [5), the estimated principal component weights will
also be biased and inconsistent. Thus the quality of approximation of the first principal
component as an index of welfare in economic applications might be dubious.

Also, the PCA run on the discretizacs underestimates the share of variance that
falls onto the first few components (see Exaniple 3 in Appgnflix B). The distortions are
greater with the fewer number of categories per variable (5 or more categories are con-
sidered sufficient for the distortions to be negligible), higher skewness and kurtosis of
the discrete variable distributions (which is the case when most of the data are concen-
trated in a single category), and opposite skewness of different categorical variables, as
in Examplg 1).

The use of the dummy variables corresponding to individual categorigslefds
to further violations of the model assumptions, as was argued in Setion 1. Itintroduces
spurious correlations effectively smearing the dependence on a few factors across the
whole covariance matrix, and at the same time reducing further the proportion of vari-
ance explained by the first few components. Also, all the information about the natural
ordering of the categories is lost, and that may lead to a substantial distortion of the
results.

Two analytical examples are worked out in Apperjdjx D. Exarfiple 4 shows some of
the possible consequences of discretization. If binary indicators are used for each of the
categories, then those variables have negative cross-correlations. The proportion of the
explained variance does not show that all the data came from a single factor, so all of
the variation can be explained with a single score. If additionally some categories are
about equally populated, then the principal component may not be well defined, which
would result in a high sampling variation of it. In the extreme case of all categories
having the same proportions, any weights that sum up to zero may serve as a valid
first principal component. The empirical implication of this is that the first PC will
be highly unstable and wiggle due to sampling fluctuations that would make some
categories more populated.

The algebra is further developed through in Exarfiple 5 that derives a more explicit
solution for the case of three categories. It also shows that the first principal component
gives the largest weight to the category with the largest number of observations, and
the second largest weight of a different sign, to the second largest category. The
direction of the greatest variability is the one that “connects” the two largest clusters.
Indeed, those are the variables that have the largest variability, and define the largest
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off-diagonal entry of the correlation matrix. Thus the combination of weights that
gives larger weight to those categories (and are of different signs since the correlation
in question is negative) will produce larger variance. This also seems to be a general
result supported by empirical evidence on data sets with dummy variables: the first
principal component would tend to connect the most populated categories, and the
following components would try to add the next most populated ones.

Finally, the natural ordering of categories is not generally reproduced by the prin-
cipal component analysis, so the only condition that identifies the ordering would be
the use of monotone variables for which the higher values really mean higher SES.
The continuous variables such as income, expenditure, value of the property, etc., will
serve best, although even the binary ownership indicators tend to produce reasonable
results in practice. Otherwise, unless the two largest categories are the poorest and the
richest members of the population, the first principal component would fail to give a
meaningful direction of the welfare change, and the scores with low counts will not be
well reproduced.

2.3 Polychoric and polyserial correlations

This section introduces an alternative approach to the analysis of the discrete data in

PCA, in particular, to computing the correlations between two ordinal variables. The

approach originated in Pearson (18pand was further developed in Pearson & Pear-

son (1922) and Olsson (1979). In fact, itis very similar to the assumptions one makes in

deriving an ordered probit model (Maddala 1983, Wooldridge 2002). A general treat-

ment is given in dreskog (2008) for LISREL software (SSI 2004) that he originated,

and that remains the leader in the multivariate analysis of the ordinal variables.
Suppose two ordinal variables, x5 are obtained by categorizing two variables

x7, x5 with distribution

R IR
x5 p 1

The categorizing thresholds for the two variables are giveay = —co < a11 <
<ok <o g =00,a00=—00< a1 <...<agg, <ogg = 00,S0 that
z; = kwheno; 1 < 27 < a4, ¢ = 1,2. Then the theoretical proportions of the
data in each cell can be found p} (9). (See also Exgniple 1.)
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Assuming that observations are i.i.d., the likelihood can be written down as

N Ki K N
L(p) = H H Hw(m,l;p, o)l @ia=me2i=l — TTr(z, | 2,95 p, ) (12)
i=1m=11[=1 i=1
N
InL = Zln (241, Ti 25 Py ) (13)
i=1

which can be maximized over and «’s. The resultingp is what is referred to as
the polychoric correlation Being the maximum likelihood estimate, it is consistent,
asymptotically normal and asymptotically efficient, as the regularity conditions for
those properties can be verified to hold. In moderate size samples §00), Ols-
son (1979) found the polychoric estimates to have slight upward bias.

In practice, the estimation is performed in three stages: first, the thresholds are
estimated as

=1,..., K, (14)

- (b_l(—l/2 + i{xi < j]’)y
Second, the correlation coefficient is estimated by maximiZinpy (13) conditional on
This procedure does not yield the maximum likelihood estimates. However, Olsson
(1979) found in his simulations that the differences are beldw 102 (cf. the stan-

dard error of 0.02-0.05 in his sample sizes of 500), and explains that the difference is
due to correlation between(the correlation itself) and (the set of thresholds). Those
correlations are zero whem = 0, and rise to about 0.2 whem = 0.85. Maydeu-
Olivares (2001) derives the distribution of the estimates of the polychoric correlation
from the two-stage procedure, and also finds that the discrepancies between the two
methods are impractical.

In the multivariate setting with more than two variables, the estimate of the correla-
tion matrix is obtained by combining the pairwise estimates of the polychoric correla-
tion in the third stage of the estimation proceduriredkog (2004) refers to methods
of this type as “bivariate information maximum likelihood” (BIML). The full infor-
mation likelihood estimates obtained by writing out the full multivariate likelihood
and maximizing it over the thresholds and correlation coefficients may be more ad-
vantageous theoretically, but hardly feasible technically. It is not guaranteed that the
resulting estimated correlation matrix is non-negative definite, however, in neither of
the two cases.

The assumption of hormality can be tested by looking at the proportion of the data
in each cell and comparing it to those under normality, with estimated thresholds and
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the polychoric correlation coefficient. The first test is the likelihood ratio test of the
saturated model that does not make any distributional assumptions (cell proportions)
and the normality-implied one:

K1 Ko

LR = =2( Y03 L)) (15)

m=1[=1

wheren,,,; = [{i : ;1 = m, z; 2 = l}| is the number of observations identified iy
[-th categories of variables, andzs. The second test is Pearson goodness of fit test
for distributions:

m(m,l; p, &)

K, K» A A
X2 — Z Z: nml/n m(m,l; p O‘))Q (16)

Both of those statistics would have an asymptgticlistribution withK; Ko — K1 — K>
degrees of freedom.

If we are computing the correlation between a discrete and a continuous variable,
then a correction that works in the same way as the polychoric correlation i®iyre
serial correlation. The likelihood for the discrete variablewith underlying standard
normalz; discretized according to the threshottsy = co < a1 < ... < gk, <
a1,x = oo, and the continuous variable, (assumed to have the standard normal
distribution) is as follows:

L(p,c;x1 = k,x2) = f(w1 = k,22; p,a) = Probla x 1 < 2] < ay g|wa]d(w2) =

= (®(ork — pr2) — ®(arp1 — pr2))P(22) (17)

as long ast[z}|z2] = pxa. Assuming independence of observations to sum up the
log-likelihood, the resulting expression can be maximized (jointly or in two stages)
with respect tax andp to obtain the polyserial correlation between the two variables.

Having estimated the correlations, one can proceed to the PCA in the standard
manner, i.e., by solving the eigenproblem for the estimated correlation matrix.

One of the authors has developed a module for Stata software (Corporation 2003)
for the polychoric correlation analysis. It can be found from within Stata connected to
the Internet by typing
findit polychoric
in Stata command prompt.
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An option that seems to lie between the full fledge polychoric correlation analysis
and the analysis based on the ordinal indicators is to estimate the mean of the under-
lying normal variabler* conditional on a particular category of the observed ordinal
indicatorz = j:

Bla'le =)= [ uolu)du=o(a;-1) - dlay). o) =

Qj—1

1 2
—z%/2 18
&
T (18)
This value can be used instead .of= j to make the variable less skewed and/or
kurtotic, as well as to make the distance between the categories more informative,

rather than assuming the distance between categories 1 and 2 is the same as the distance
between the categories 2 and 3, or 3 and 4.

3 Monte Carlo study

3.1 Simulation design

This section describes a large simulation project undertaken to examine the behavior
of different PCA procedures with discrete data. The measures of performance are cho-
sen to address the accuracy of PCA in the applications of the method in development
economics as in Filmer & Pritchett (2001), i.e., for ranking households by their wel-
fare. The main theme of the simulation was to set up a model of the fdrm (5) with
different distributions of the underlying welfare ind€xvarious coefficients\, vari-
ous proportions of variance explained by the first PC, and other controls, as explained
below.

The following parameters and the settings of the simulation were used:

e Total number of indicators: from 1 to 12.
e The fraction of discrete variables: from 50% (1 discrete, 1 continuous) to 100%.

e The distribution of the underlying factor: normal; uniform; lognormal; bimodal
(a mixture of two normals).

e The proportion of the variance explained: 80%, 60%; 50% if the total number
of indicators was greater than 4; 40% and 30% if the total number of indicators
was greater than 7.
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e The values of\: all ones; one or two of the discrete variables have: 3; one
or two of the continuous variables hae= 3; one discrete and one continuous
variables have\, = 3. (See discussion in Appendiy A on implications for PCA.)

e The number of categories of the discrete variables: from 2 to 12.

e The threshold settings: uniform (each category has the same number of observa-
tions); half observations are in the bottom category (heavy skewness and kurto-
sis, at least for a large number of categories); half observations are in the central
category (high kurtosis with low skewness); half observations are in the top cat-

egory; random thresholds #rob[z* < z] = F(2), w1,...,ux—1 ~ UJ0,1],
andu(y), ..., ux—1) is the set of order statistics from, ..., ux 1, thena;, =
F~ (ug))-

e The sample sizes: 100, 500, 2000, 10000.

e Finally, and most importantly for the objective of the paper, the analyses per-
formed: PCA on the ordinal categorical variables; PCA on the dummy variables
corresponding to the individual categories, as in Filmer & Pritchett (2001); PCA
on the ordinal variables with the number of the category replaced by the group
means given by (18); PCA of the polychoric correlation matrix; PCA on the orig-
inal continuous variablesy, . .., z; as the benchmark (cannot be performed in
the field applications).

A non-proportional random sample of all possible combinations was taken. The
probability of selection of a particular combination of the simulation parameters was

Prob[selectsimulation settings= exp(—(3 + 0.25p4 + 0.03p,.)) (19)

wherep, is the number of discrete variables, gnds the number of continuous vari-
ables. An increase in the number of variables leads to the increase in computational
time, both due to increased number of the polychopig{; — 1)/2) and polyserial
(pepa) correlations to be computed, and due to increase in the number of combinations
arising for each extra discrete variable. This sampling procedure resulted in approxi-
mately 1% sample of all settings combinations, with the total sample size of 947434
observations, and the sum of weights (the estimate of the total population size) of
99.744 millions. (This would be the total sample size should we run the simulation
for each combination of parameters.) Those observations came from 189756 unique
samples (combinations of settings). Some observations were lost due to the difficulties
with the numeric likelihood maximization in polychoric correlation estimation. The
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error messages mainly had to deal with with flat likelihoods, and also with the correla-
tion matrix not being positive definite. Fifty five variables were describing the settings
and the outcomes (Stata file size is 277 Mbytes).

The simulation was performed on the server of statistical applications aE]ldBIC
well as on several personal computers that the authors had access to. The software
platform is Stata Special Edition, version 8.2 (Kolenikov 2001, Corporation 2003).
The project was spread into 41 separate threads. On average, a thread took about 2
to 4 days on a Pentium IV 1 GHz 256Mb RAM PC (single task), or 5 to 10 days on
the multitask server, the workload due to nonlinear maximization involving numerical
integration of the bivariate normal probabilities in the maximum likelihood estimation
step. Also, some matrix manipulations such as product matrix accumulation might
have been pretty long for large sample sizes and large number of variables, especially
when the ordinal variables were expanded into the sets of dummy variables. Each run
required no more than 10 Mbytes of RAM.

3.2 Results

This section describes the basic analysis of the simulation results. We performed re-
gression analysis with several performance measures and the simulation settings to
characterize numerically the differences in the PCA methods for discrete data.

The primary outcome variables we consider are the internally and externally de-
fined goodness of fit measures.

The internally defined goodness of fit is what the researcher has at her disposal
upon running the PCA. As discussed in Secfion 2.1 and Appérdix A, the most popular
measure is the proportion of the explained variance.

The external measures of performance are those relating the estimated first PC with
“the truth”, i.e. &, in the context of applications of SES where the scores are used to
classify individuals into quintiles, or other rank groups, used for poverty, service use
analaysis and ultimately, for policy advice. We will examine the correlation of rank-
ings produced by different PCA procedures with the underlying s¢oaed compare
the quintiles groups produced by the two scores. Thus the first of our measures is the
Spearman rank correlatnof the empirical first PC with the original factg@f. As
discussed in Appendix]C, Kendalksmight have been a more interpretable measure

6 See http://www.unc.edu/atn/statistical/. The domain within a Sun E15K server has 20 processors with

the clock speed of 1.05GHz, and 40 GB of memory.
7 The definitions and useful facts regarding the rank correlations are given in Ap@ndix C. Rank correla-

tions show how similar are the rankings of individuals produced by two variables.
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Table 2: Monte Carlo simulation results: Performance of different versions of PCA on
discrete data.

No. Share of Rank Overall Misclassi-
obs. explained | correlation | misclassifi- | fication
variance with € cation rate in Q1
R-squared \ | 093 | o093 [ o090 | o081 |
Theoretical explained -623.493 | 1927.794 | -1402.261 | -1268.915
proportion (1.469)** | (1.706)** | (1.446)** | (2.450)*
Analysis type
Original: base 189756 0 0 0 0
) ) () )
Filmer-Pritchett 189511 | -556.864 | -332.814 236.595 243.223
(2.506)** | (1.963)** (1.249)* (2.742)*
Group means 189328 | -339.320 -226.089 172.133 143.568
(1.157)* | (0.976)** | (0.860)** | (1.441)**
Ordinal 189511 | -345.287 -231.128 175.534 147.047
(2.159)** | (0.976)** (0.863)** (1.444)*
Polychoric 189328 | -157.689 -223.402 169.980 142.112

(1.125)* | (0.983)** | (0.861)* | (1.440)**

Distribution of&

Normal: base 233688 0 0 0 0
() ) () ()
Lognormal 237222 | -203.238 -734.501 421.746 836.829
(0.694)** | (0.764)** (0.622)** (1.021)**
Bimodal 234612 5.190 -97.136 36.580 209.515
(0.480)** | (0.690)** | (0.562)** | (1.063)**
Uniform 241912 23.847 65.141 -50.568 47.110

(0.481)* | (0.642)* | (0.586)** | (1.079)*

Average no. categories

Filmer-Pritchett 189511 | -134.764 0.741 -3.673 7.846
(0.444)* (0.375)* (0.230)** (0.507)**

Other discrete 568167 | 15.007 20.040 -15.211 -11.223
(0.183)** | (0.169)** (0.148)** (0.252)**

Log samplesize -1.420 9.797 -6.202 -10.365

(0.137)* | (0.171)* | (0.144y* | (0.249)*

Cluster corrected standard errors in parentheses. Other controls include: the threshold structure; the factor
loadings; the number of discrete and continuous variables. Total number of observations is 947434. Number
of clusters is 189756.
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of relation between the two variables, but it is prohibitively computationally intensive

to be used in simulations. Two other measures are based on the quintile groups of the
theoretical and observed welfare scores. Those are an overall quintile misclassification
rate and the misclassification in the first quintile, i.e., the share of observations that
originally belonged to the first quintile, but were classified elsewhere by the empiri-
cal welfare measure. Other correlations and misclassifications were available in the
original data set, too, but not used in the current analysis.

How do we gauge the performance of different PCA procedures? If the welfare
measure is to be accurate, then it should yield a ranking similar to the original one
induced by¢, so that the two measures rank individuals (households) in the same way.
This would be reflected in high rank correlation of the empirical score gyitis well
as in low misclassification rates. As for the explained proportion, it is usually desired
to be as high as possible, but in our application, when we do know “the truth”, we want
it to match “the true” explained proportion as closely as possible.

Table[2 presents the regression results based on the simulations. The operational
measures used in the regressions are 1000 times the inverse probit transformation of the
previously discussed goodness of fit varieﬁlé’ﬁe factor of 1000 was used to scale up
the standard errors in the regressions to become close to 1, thus keepirig| Table 2 com-
pact and informative. The inverse probit transformation was used to bring the original
scale of [0,1] of all four measures {e-oo, +00). The rationale of the transformation
is the same as the motivation of the probit model compared to the linear probability
model: to combat heteroskedasticity and skewness of the residuals at the extremes of
the probability ranges. The inverse probit transformation of the original data allowed
also for some standard regression diagnostic tools such as residual plots (not shown
here). They mostly showed appropriateness of the model specification, although with
somewhat skewed and heavy-tailed distributions of residuals. The excessive skewness
and kurtosis was traced to be due to either the lognormal distributi9rooto Filmer-
Pritchett procedure (see also the discussion of the coefficients and their significance
below). The same regression analysis was repeated with the original data without any
transformations, and it revealed strong nonlinearity problems, as well as much higher
skewness of the residuals, something to be expected from linear probability models.

8 So, the second column 1900 - ! (explained variance), the third or)00 - ! (Spearman corre-
lation), the fourth onel000 - &~ (#obs. classified into a quintile different from the original quintile),
and the last one 3000 - ®~!(#obs. from the first quintile of classified elsewhere by the empirical
measurg0.2NV). Informally speaking, in the first two regressions, more is better; and in the last two regres-
sions, less is better.
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The list of explanatory variables include the simulation settings and their functions
and combinations. The ones not shown in the tab(& are

¢ the threshold structure proportions (proportion of discrete variables with bottom,
center, top dominated categories, and random thresholds; uniform thresholds is
the base)

e the threshold structure dummy variafifés

o the factor loadings (whether there were any variables with= 3 as opposed to
the defaultA, = 1Vk, and whether those variables were discrete, continuous, or
both)

e dummy indicators of each particular combinations of discrete and continuous
variables.

The first column shows additionally the number of observations for which a par-
ticular value of the explanatory variable is observed. The variation in the number of
available observations of the analysis type is due to computational failures either with
Filmer-Pritchett or with polychoric procedure (non-positive definite matrices or lack of
convergence, respectively), and of all other variables, due to randomness of the Monte
Carlo procedure.

The reported results are for the regressions on all observations in the data set, with
probability weights given by the selection probabilities](19), and corrections of the
covariance matrix of the estimates by clustering. The latter is necessary as long as the
observations based on the same Monte Carlo sample (but different in the type of the
analysis performed) are strongly related to each other.

Let us list the findings we consider interesting. A short note on the interpretation
of the coefficients may be in place here: the value of the coefficient of 100 means that
a unit change in the explanatory variable shifts the linear prediatibby 0.1, and the

9 The complete tables are available at
http://www.unc.edu/"skolenik/cpc/polychnoric-technical-regtable.pdf

10 The categories were defined as follows: “mostly uniform”: uniform distribution of the thresholds as
explained in Sectiop 3|1, for at lea®t4 of the discrete variables; “uniform or random”: all ordinal vari-
ables have either uniform or random threshold settings; “center dominated”: in at least one of the variables,
the middle category has 50% of population, and the remaining half of observations is distributed uniformly
across other categories; it represents high kurtosis with low skewness; “skewed”: in at least one of the
variables, either the top or the bottom category consists of 50% of population, and the remaining half of
observations is distributed uniformly across other categories; it represents both high kurtosis and high skew-
ness; “opposite extremes”: two variables have domination in different parts of their distributions, like top-
and bottom-dominated, or center- and bottom-dominated,; it is known to be the most difficult case for the
polychoric coefficient estimation.
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ultimate response in its originé, 1] scale by 0.04 near the middle of that range; 0.03
near the points 0.25 and 0.75 (i.e., misclassification rates of 25%, or rank correlation
of 0.75, which are rather reasonable values for some of the combinations in our data
set); 0.02 near the points 0.1 and 0.9; and 0.1 near the points 0.05 and 0.95.

First, it was very reassuring that relatively few variables (64 in our regressions)
yield R?> above 0.90 (0.81 for the first quintile misclassification rate). Most of the
performance of the PCA is thus explained by the factors used in the regression.

Second, the comparison of the different methods is directly accessible through the
Analysis typeblock of the table. In all four regressions the Filmer and Pritchett pro-
cedure is performing worse than any of the other methods, as evidenced by the largest
coefficient across all methods. The baseline for the analysis type was the PCA based
on the original unobservet*, so the regression coefficients show the deterioration of
performance relative to that case. The three other methods based on discrete indica-
tor@ performed about the same, and the top performing method (but infeasible in the
field applications) is the PCA based on the original continuous variables.

Third, we can identify the most important explanatory variables, as evidenced by
their t-statistics (not reported in the table; the analysis is based on Stata output). The
t-statistics may seem to be too big, for any reasonable standards, but the data came
from a controlled experiment, and the data set size is about 1 million observations,
so one should not be surprised seeing both tiny standard errors and strong effects.
Thet-statistics still do convey important information on the relative importance of the
variables in the regression.

The most important explanatory variable is the theoretical share of explained vari-
ance (the first line of regressor coefficients). This is not surprising, as long as this is the
primary variable that controls the closeness of the indicatbrandx to the underly-
ing welfare{. Thet-statistics vary between 424 (reported explained variance) to 1130
(rank correlation).

The next important factor is the distribution of the underlyfhgr rather the fact
that itis lognormal (in th®istribution of¢ block). The lognormality leads to a substan-
tial deterioration of the performance of the empirical PC. TFstatistics range between
292 (the reported explained variance) and 961 (the rank correlation). We believe this
has more to do with the high kurtosis rather than high skewness of this distribution, as
another asymmetric distribution used in our analysis, the mixture of two normal distri-
butions, did not produce so bad results. This is also in agreement with the theoretical

11| e., the ordinal PCA based on the ordinal variables scaled to the “standard” Likert scale (1, 2, 3, ...);
the polychoric PCA; and the group means PCA based on the ordinal variables assigned scores based on the
underlying standard normal distribution.
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results on the PCA in non-normal case (Davis 1977, as also reported in Appendix B).

Those two variables were the two most significant in all four regressions. The next
group of variables that came up among the most significant ones are the analysis type
indicators (see thAnalysis typdlock of coefficient estimates). The coefficients in the
table are the differences in performance from the PCA based on the original (unob-
served) continuous data. For the ordinal or group means analysissthgstics were
around 300 in the explained variance regression, around 230 in the rank correlation re-
gression, around 200 in the overall misclassification rate regression, around 100 in the
first quintile misclassification rate regression. Th&atistics of the polychoric PCA
analysis were lower at 140, 227, 197, and 99, respectively, so the real difference is only
in the share of explained variance that is estimated consistently by polychoric PCA,
but not other methods. The polychoric PCA tends to produce the results closer to the
benchmark PCA on the original variables, while the standard errors are essentially the
same as for the ordinal or group means analysis. For the Filmer-Pritchett procedure,
the ¢-statistics were 222 in the explained variance regression, 190 in the overall mis-
classification rate regression, 170 in the rank correlation regression, and 90 in the Q1
misclassification rate regression. Even though the coefficients of the Filmer-Pritchett
procedure dummy variable is greater in absolute value than those for other discrete
data procedures, they also have standard errors that are about twice as large as other
discrete methods. This is an indication that not only the Filmer-Pritchett procedure
gives worse results on average, but also that it is less stable in performance, with the
residual variance being notably greater for the Filmer-Pritchett subsample.

The interaction of the number of categories and the Filmer-Pritchett procedure indi-
cator (in the bloclAverage number of categorigsottom of the first page of the table)
also came out to be the second most significant variable in the explained variance re-
gression { = 303, more categories leads to smaller explained variance). A possible
interpretation of this can be proposed as follows: the number of variables in the denom-
inator of [3) in the Filmer-Pritchett procedure increases, while the information they can
explain, or variability of the first PC they can produce, remains the same.

The lack of information about contained in a small number of variables is also an
important factor for the external measures. The first line at the third page of the table
shows that the extreme case of 2 discrete variables and O continuous variables yields
statistics of 274 for the rank correlation regression, 255 for the overall misclassification
rate regression, and 83 in the Q1 misclassification rate regression.

Finally, the bimodal distribution dummy was one of the most significant regressors
in the Q1 misclassification rate regression, with 197.

The comparison of the absolute values of the coefficients in order to assess the mag-
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Table 3: Monte Carlo simulation results: Number and type of variables.

Share of Rank Overall Misclassi-

explained correlation misclassifi- fication

variance with & cation rate in Q1
Largest (1,1) vs. (11,0) | (2,0) vs.(8,4) | (2,0)vs.(8,4) | (1,1)vs.(8,4)
difference 318.93 -1367.77 898.34 789.88

(4.18) 3.77) (2.53) (7.45)

The effect of an additional variable
(4,2) vs. -21.153 -102.482 73.980 70.411
(4, 3) (1.186) (1.283) (1.215) (2.061)
(4,2) vs. 40.509 -58.020 42.190 37.289
(5,2) (1.426) (1.528) (1.394) (2.310)
(8,0) vs. -17.526 -103.054 66.715 66.391
(8,1) (2.008) (2.701) (2.021) (3.724)
(8,0) vs. 5.629 -66.672 44.093 45.414
(9, 0) (2.401) (3.416) (2.443) (4.656)

Cluster corrected standard errors in parentheged.) notation means a model with 8 discrete and 4 contin-
uous variables, etc. See also Table 2 for additional explanations and primary effects.

nitudes of the effects under consideration gives rather similar results, as far the standard
errors of most variables were quite close to each other. This is due to the fact that the
simulation design was nearly orthogonal. Most of the settings were used independently
of each other, except for the theoretical explained variance dependent on the number of
indicators. The settings for the number of categories and the threshold structure were
also strongly related to the number of discrete variables, but were randomized in order
to achieve the overall balance.

When interpreting those coefficients and thedtatistics, one should keep in mind
that only the share of explained variance is a stand-alone regressor, while all others
are dummy variables relating the factor of interest to the base. Thus, the lognormal
distribution is being compared to the normal distributior cdind the types of analysis
are compared to the PCA based on the original continuous variables.

Let us return to the most important findings. The fourth of those, as was noted
above, is that the number of variables, and whether those variables are discrete or
continuous, plays a key role in performance of PCA. Table 3 shows the magnitudes of
those effects. The first line is the largest difference across the estimated coefficients,
usually between a model with two indicators, and a model with 12 indicators. The
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reported figure and corresponding standard error is the difference of the coefficients of
the first and the second models mentioned, with notatignp,..) for a data set wittp,
discrete angh. continuous variables. Most of the “Share of explained variance” results
are not readily interpretable. In the next column, the linear predi¢tdfrom a probit
regression for the rank correlation is by 1.368 lower for the model with 2 discrete and
no continuous variables than for the model with 8 discrete and 4 continuous variables.
This may translate to a difference in the rank correlations as large as 0.60 for the weaker
model vs. 0.96 for the model with 12 varialfis Likewise, from the differences
between the coefficient estimates, the differences between the misclassification rates
for different number of variables may be as large as 64% vs. 26% for the overall rate,
and 50% vs. 17% for the first quintile.

Table[3 also compares the effects of adding an extra variable. The improvement
due to a continuous variable is larger than that for a discrete one by some 60-80%.
This can be viewed as a crude measure of the losses to discreteness: roughly speaking,
10 discrete variables contain about as much information, for the PCA purposes, as 6
continuous ones do.

Fifth, there was a number of rather surprising findings. The first one is that the sam-
ple size does not matter much, at least for the levels of the dependent variables. The co-
efficient of the log sample size variable is never larger than 10 in absolute value, which
translates to about 2% change in the indicator from the smallest sample size (100) to
the largest (10000). To compare, the losses due to the lognormal distribution may be
as large as 30% in the Q1 misclassification rate, and due to Filmer-Pritchett procedure,
20% of reported explained variance. Threshold structure had a mixed effect: concen-
tration of half of the observations in a single category usually has a negative effect, but
not for the misclassification rates in Q1, where concentration of the observations in the
wealthier categories gives more resolution at the left tail of the welfare distribution.
The opposite extremes case when the marginal distributions are concentrated on dif-
ferent tails for two different ordinal variables, although known to pose difficulties for
the polychoric correlation coefficient estimation, does not have overly detrimental con-
sequences. Likewise, the differences in factor loading that translate to the strength of
the relation between the latefiand the corresponding indicator, and thus to a greater
explanatory power for that variable, although have predictable directions, are not very
large in the absolute values.

12gee AppendiE]: for interpretation of the values of rank correlations and relations to the misclassification
rates.
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3.3 Graphical representation

A saying goes that one picture is worth a thousand words. Let us complement the
regression analysis with a graphical illustration of our findings. As far as the selec-
tion probability weights differ between settings with different numbers of discrete and
continuous variables, those differing probabilities of selection would make it hard to
come up with clearly interpretable graphs comparing results for different number of
variables. We thus confine our attention to a specific setting with 8 discrete and 0
continuous variables, since for this setting, the differences between methods would be
quite pronounced due to discrete variables present without any continuous ones. Also,
this is the setting with considerably many observations (12880).

The graphical representation is complementary to the results reported in the previ-
ous section. The primary value of graphs is, of course, an easy grasp of the distribu-
tional features, and we shall draw readers attention to those features in our interpreta-
tion of the graphs we report. On one hand, the graphs do not provide any inferential
measures such asvalues. But due to the large sample sizes used for each graph, the
features detected by eye would probably be interpretable as those of the population.
Also, there may be some confounding due to complex simulation design, as even with
most involved graphics, it is difficult to visualize more than three or four dimensions,
or sources of performance variability, in our case. Due to nearly orthogonal simula-
tion design, we hope the influence of those confounding factors to be minimal. We
control for the strongest effects reported in the previous section such as the lognormal-
ity of £ and the underlying proportion of explained variance, so that the graphs really
demonstrate the differences in methods along with their sampling variability.

Figure] 3 shows the box-and-whisker pfdtef the four performance indicator dis-
cussed in Sectidn 3.2. As in the explanation of Table 2, in the first row of figures, less
is better; in picture (c), more is better; and for picture (d), the target is shown with the
horizontal line at 0.5.

The best performance is demonstrated by the field-infeasible analysis of the orig-
inal x* variables. Also, the Filmer-Pritchett procedure is clearly inferior in all of the
analyses. For instance, for the Q1 misclassification rate, the median of the distribu-
tion for the Filmer-Pritchett procedure is above the 75-th percentiles of other methods,
and the upper quartile of this performance measure is albeé the observations for
other methods (i.e., in 25% of the worst cases, it does a poorer job than you would ever

13 The central line of the plot shows the median of the data. The boundaries of the box are the lower
and upper quartiles. The length of each whisker is three times the distance between the median and the
corresponding quartile, which leaves about 0.7% of the normal distribution outside the whiskers.
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expect from other methods). Likewise, for the overall quintile misclassification rate,
the misclassification rate better than about 43% occurs in about 75% of cases for the
ordinal, normal means and polychoric methods, but only for 25% cases for the Filmer-
Pritchett method. The other three discrete methods show practically indistinguishable
performance, with ordinal PCA giving slightly larger variability, as evidenced by the
size of the box.

As for the internal measure of fit, i.e., the reported proportion of explained variance,
only the analysis of the original variables and the polychoric PCA show consistency of
the reported explained proportion (the graphs are drawn for large sample sizes 2000 and
10000). Other methods are demonstrating the lack of explained variance in the first PC,
and the Filmer-Pritchett procedure shows particularly bad bias, with no observations
higher than 0.3 even though the target explained variance is 0.5. Based on all four
characteristics together, the polychoric method gives the most accurate picture.

As was claimed in Sectidn 3.2, the most important factor in the performance of the
PCA, or the most important setting of the simulation study, with the highststtistics
in Tabl€ 2, is the underlying proportion of the explained variance (not to be mixed with
the reported proportion of explained variance used as the performance measure]). Fig. 4
shows the relation of our performance measures to the underlying theoretical propor-
tion of the explained variance. The misclassification rates (panels (a) and (b)) show
almost linear decline for methods other than Filmer-Pritchett. The latter surprisingly
shows increase in variability over the whole range of the explained variances for Q1
misclassification, and for the proportion of explained variance equal to 0.65 and 0.80,
for the overall misclassification rate. The reported share of explained variance (panel
(d)), although approximately unbiased for the original PCA and the polychoric PCA,
is underestimated by the ordinal or group means PCA, and severely biased downwards
by the Filmer-Pritchett procedure. The rank correlation with the underlying welfare
(panel (c)) does go up with the underlying proportion of explained variance for all
methods, although the distribution of the correlations for Filmer-Pritchett procedure
demonstrates quite extended lower tail of the distribution that is also very protruded
for the proportion of explained variance equal to 0.80.

The next set of findings is related to the number of categories of the discrete vari-
ables used in PCA. Those are depicted on [Hig. 5. Note that with just two categories
(binary indicators like ownership of an asset), the Filmer-Pritchett and ordinal PCA
coincide. But as extra categories are added, the performance of the methods does dif-
fer notably. For the methods other than Filmer-Pritchett, the four measures approach
their “continuous case” limits approximately exponentially and come to saturation at
about 5 or 6 categories (except for the proportion of explained variance), consistent
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with recommendations from the quantitative sociology literature (Dolan 1994). The
performance of Filmer-Pritchett procedure also improves with the larger number of
categories, but does not get as far as in other methods until there are as many as 8
categories per variable, on average.

The most striking result is the performance of the Filmer-Pritchett procedure in
terms of the reported explained variance. It declines steadily as the number of cate-
gories is increased, and the explanation we can propose is that more and more of the
spurious and irrelevant negative correlation structure is added to the correlation matrix
used as an input to PCA. Also, the amount of information that can be explained by a
univariate summary stays about the same as more variables are generated, while the
number of variables increases. The former serves as a numerdtr of (3), and the latter
as its denominator. Thus the resulting shape is approximately hyperbolic in the number
of categories, which is what is observed in panel (d). See also discussion in §egtion 2.2.
As for the other discrete PCA methods, the share of explained variance reported by the
polychoric PCA stays on target for any number of categories, while the ordinal and the
group means methods underestimate it, although improving with more categories.

In all of the above, the observations with lognormal distributiof wkre excluded,
as they led to substantial deterioration of the performance of every method. If those
were shown on the graphs in Fig[3-5, they would look like an extra cloud of points in
the direction of deteriorating performance: somewhat below others on the rank correla-
tion and explained variance plots, and somewhat above others, on the misclassification
rates plots.

Other combinations of the number of discrete and continuous variables produced
qualitatively similar results, although with more continuous variables, the differences
between the methods were not as distinct as in the reported case.

4 Conclusion

This paper was motivated by recent examples of use of the principal component anal-
ysis in development economics literature starting from Filmer & Pritchett (2001), and
investigated several ways to use categorical (in particular, ordinal and binary) variables
in the principal component analysis. As far as the distributions of the indicators are
non-normal, some of the asymptotic properties of the principal components no longer
hold or need to be modified, as the variances and covariances of both eigenvalues and
eigenvectors depend on the fourth moments of the data. Other complications to the
principal component analysis due to the categorical nature of the variables include bi-
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ases to the covariance structure, and hence the factor loadings, and smaller reported
proportion of explained variance.

We developed several analytical examples demonstrating that (i) categorical vari-
ables do have excessive skewness and kurtosis (Exginple 1); (i) correlations between
categorical variables are on the smallish side (Exafrple 2), (ii)enarincipal compo-
nent analysis based on the dummy variables aims at placing the two largest groups on
the opposite ends of the first principal component score spectrum, and underestimates
the proportion of explained variance (Exampglgs 4[g@nd 5).

We then discussed several options that may be useful in performing the principal
component analysis in presence of the categorical variables: using ordinal variables
per se; using the group means implied by a normal distribution; using the dummy
variables for categories as suggested by Filmer & Pritchett (2001); and using the poly-
choric correlations. We designed and conducted a large simulation study to compare
the performance of different discrete PCA methods under different scenarios. The per-
formance measures used were the quintile misclassification rates (overall and in the
first quintile), Spearman rank correlation between the true welfare index used to gen-
erate data and the empirical one obtained through the versions of PCA (as an overall
measure of the conformance of the rankings of individual observations obtained by the
two welfare indices), and the reported proportion of the explained variance, as the main
(and often the only one used) measure of the performance available to the researcher.

Our main conclusions stemming from the analysis of the simulation data are as
follows.

If there are several categories related to a single factor, such as the access of hy-
gienic facilities or the materials used in roofing, dividing the variable into a set of
dummy indicators as suggested by Filmer & Pritchett (2001) leads to deterioration of
performance according to all of our performance measures used. The explained vari-
ance is most heavily affected (underestimated), and more so the more categories are
there in the original variables. Even though the goodness of fit of the Filmer-Pritchett
procedure improves as we add more variables, the method does not achieve the per-
formance characteristic of other methods. We thus believe that the researcher will be
better off using the ordinal variables as inputs to PCA. If the variables do not come in
a “standard” way such as 1, 2, ... (Likert scale) with roughly equal distances between
categories, it is worth recoding them that way, so that those distances are not very dif-
ferent. Model-based category weights (referred to as “group means” in our analysis)
show slight improvement in performance compared to the “standard” Likert-scale or-
dinal coding, so “néve” coding is strikingly robust to the arbitrary assumption of the
distance between categories being 1.
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The gain from using computationally intensive polychoric correlations in getting
the “correct” variable weights may not be very large compared to the PCA on ordinal
data. However, only the polychoric analysis gives consistent estimates of the explained
proportion. All other methods (PCA on ordinal variables or group means, and even to
a greater extent, the Filmer-Pritchett procedure) produce estimates of the proportion of
explained variance biased downwards. The misclassification rates, as well as Spearman
correlation of the theoretical and empirical welfare indices, are not substantially differ-
ent between the ordinal, group means and polychoric versions of PCA, although the
difference is statistically significant due to huge sample size of the simulation results
data set.

Thus, if the researcher uses the Filmer-Pritchett procedure, she should expect the
variability of the resulting scores to be higher, and accuracy of the scores to be worse,
than those of other methods for discrete PCA we have considered. She would also be
very much misled by the reported proportion of explained variance. If the researcher is
to choose among ordinal, group means and polychoric PCA, the only reason to prefer
one of the methods seems to be the proportion of explained variance, which is reported
correctly only by the polychoric method. The rankings, and hence quintile groups,
produced by the three methods are very similar to each other.

The performance of PCA also depends on a large number of factors. Expectedly,
the most important ones are the underlying proportion of explained variance in the
population, which controls the strength of relation between the welfare and its indi-
cators, and the number of variables available to the researcher. As they increase, the
performance improves. A skewed and heavy tailed distribution of the underlying factor
(represented in our case by the lognormal distribution) leads to a notable deterioration
of the PCA performance. Note that skewness per se may not be a big problem, as the
skewed but not heavy tailed distribution (a mixture of two normals) did not lead to
the performance deterioration on the same scale as the heavy tailed distribution. The
goodness of fit improves as the number of categories per factor increases, although
the returns are not so great once the researcher can distinguish about 5 categories in
each of the variables. Other factors in the simulation design, such as the placement of
thresholds, although demonstrated to be crucial in simple settings such as Example 2,
were found to be of marginal importance for performance of PCA.

Those results are by and large similar to what is known in the practice of structural
equations with latent variables. They also confirm the expectations outlined in simpler
settings in the theoretical part of the paper. They also should be viewed in the light of
the particular data generating model.
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Appendices

A Practical issues in PCA

The principal component analysis is aimed at solving the (conditional) variance maxi-
mization problem[([l). This problem turns out to be identical (Anderson 2003, Mardia
et al. 1980) to theigenvalugproblem [2) that is discussed in Appenfik B. Along with

the theoretical properties of this linear algebra problem, a researcher is usually inter-
ested in statistical properties of this procedure, and in practical uses of its results. This
appendix highlights some distributional results available for PCA, and discusses the
choice of the number of “significant” components.

The issue of selecting an appropriate model dimensionality does not usually arise
in the construction of the welfare index in the household studies, as the first component
is the only one that is used, but at least it is worth checking that the first component
really stands out relative to the second one, and others. If the first two eigenvalues are
relatively close to each other, then the first component may not be very stable, and thus
the resulting rankings of the households by their estimated welfare may be misleading.

In other applications such as exploratory data analysis, the researcher often faces
the problem of what constitutes a good description of the data in the most concise terms.
For the PCA, this is the question of choosing the number of components that the analyst
will be using further in her analysis. Most often, this is done graphically by plotting
the eigenvalues and eye-balling the place on the graph where the decline in eigenvalues
switches from roughly exponential to roughly linear. The plot is referred teceese
plot. An example is shown in Fi§] 6. The first principal component really stands aside,
while the last four or five show a linear trend in eigenvalues. The conclusion from
this particular scree plot might be that two or three PCs are “significant” while others
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represent “noise”.

If a sample from a multivariate normal distribution is taken and PCA is performed
on the sample covariance matrix, then the resulipgndv; are the maximum likeli-
hood estimates of the corresponding population paramgters (Mardia et al. 1980).
A number of theoretical results on the asymptotic distributions of eigenvalues and
eigenvectors can be established under the assumption of normality when the dimension
p is fixed and the number of observatians— co (Anderson 1963, Mardia et al. 1980,
Theorem 8.3.3):

A N (20)
Vr(h =) -5 N(0,2diag(\;)) (21)
Vn Cov[h;, ;] — 0V, ] (22)

The factor loadings however are not uncorrelated. Also, their variances involve the
terms of the form\; A, /(A\; — Ax), which are undefined in case of the multiple eigen-
values (and, as we already know, there are no unique eigenvalues, but only a unique
eigenspace), and are large for close eigenvalues. The practical implication of this would
be the need to check if the second largest eigenvalue is distant enough from the largest
one. Ifitis not, the weights of the variables will be unstable.

Based on those asymptotic results, the likelihood ratio type tests of “significance”
of the lastp — k components can be constructed (Mardia et al. 1980, section 8.4.3).

Eigenvalues
2
1

T T T T T
0 2 4 6 8
Number

Figure 6: Scree plot. How many components are “significant™?
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The null hypothesis is that the firstcomponents have eigenvalues distinctly greater
than the remaining — &, and the latter are equal to each other (which is interpreted as
havingk significant factors, and the rest is the white noise). The test statistic is

LR =n(p—k)In(ao/g0), (23)
1
ag = m ; )\ia (24)
1 . .
Ingy = . Zln i, (25)

I
—

K2

so thatay and gq are the arithmetic and geometric mean of the eigenvalues that are
hypothesized to be equal. The test statistic has an asymptbtitistribution with
%(p —k+2)(p—k — 1) degrees of freedom. It can be Bartlett corrected by replacing
nin (29) withn — 2254

If the distribution of the original data is not normal, Davis (1977) establishes that
the asymptotic distributions of the eigenvalues and eigenvectors is still a multivariate
normal, but the variances and covariances involve the fourth order cumulants

84

mébx(t) = Elz;zjxia]) — 0:5(6ik0j1 + 0110 5) — 0:00:;051 (26)
i0Lj

Rijkl =
that are identically zero for the normal distribution. (Hepe;(t) = E[e*X't] is the
characteristic function of the random variabteand its associated distribution.) In
particular,

V(A = Ai) 25 N(0,2X2 + Kiiii) (27)

and it is correlated with other eigenvalues through the fourth order cumulants.

An alternative asymptotics, sometimes referred to as Kolmogorov asymptotics, is
to let both the dimension and the number of observations increase in a coherent way so
thatn/p — const (Johnstone 2001). Then the consistency of the eigenvalues does not
hold any longer, and the spectrum of the estimated eigenvalues is non-degenerate even
for the spherical Gaussian distribution with identity covariance matrix.

Additional difficulties can arise due to complex sample design. The researcher
needs to make sure that the aspects of it such as weights, clustering, and stratification
are accounted for properly. Skinner et al. (1986) compare the results of PCA based on
the ndve estimate of the sample covariance matrix as if the data were i.i.d.; model-
based estimate that assumes multivariate normality, and accounts for the data known
prior to sampling (and used in stratification), and design-unbiased estimator. They
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show that the first estimator gives biased estimates of both the eigenvalues and eigen-
vectors when the design calls for weighting, and both the direction and the magnitude
of bias depend on the specific designs. The maximum likelihood estimate achieves
best results in their simulations, which is not surprising given that they sampled from
a multivariate normal distribution. The design-unbiased estimator was unconditionally
unbiased, although showed substantial variability, performing well in some samples,
and poorly in others (which is a small sample effect, as asymptotically it gives the cor-
rect answer). Skinner et al. (1986) provide Taylor series expansion that predicts the
deviations (and, eventually, the bias) from the true eigenvalues quite well, but requires
the true covariance matrix to be known. Also, the bias depends on the correlation
between the stratification variables and the principal component.

The message for the particular applications we are considering here (that of socio-
economic status assessment based on DHS data) is that the design does have an effect
on the estimates through both (i) design features such as weights, and (ii) through the
correlation between the stratification variables (geography) and the substantive first
principal component, as there usually is a quite distinct differences in SES levels be-
tween regions. The existing softwango{ychoric Stata module) does allow for
weights, which is the main source of discrepancies in Skinner et al. (1986).

The geometry of the principal components may be represented graphically in var-
ious ways. An obvious way is to use the scores of the observations for the first few
components and draw the scatterplots of one principal component against another. For
a large data set with more than a hundred or so observations, the picture may start
looking messy, so one may consider plotting the centers of reasonably grouped obser-
vations.

The usual way to show theariablesgraphically is to plot the factor loadings to
show the relation between the principal components and the original variables. This
sort of a graph allows clustering by eye of the variables that convey similar information.

B Eigenproblems for real matrices

The general formulation of an eigenproblem for a maRiwith real entries is to find
the scalars\ and non-zero vectorssuch that

Rv=2M\v, |v]|=1 (28)

This is a standard linear algebra problem (Parlett 1980, Horn & Johnson 1990, Weisstein
2004) with applications ranging from acoustics to quantum mechanics, and from statis-
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tics to nonlinear optimization. The numbexs are calleckigenvaluesand the vectors
v, eigenvectorsA number of theoretical properties can be established for them:

1. The eigenvalues are solutions to taracteristic equation
det[R — A[,] =0 (29)

It implies that there are such\’s, although some may repeat, and for an arbi-
trary matrix R, the eigenvalues may be complex.

2. The eigenvectors;, v; corresponding to distinct eigenvalugs # \; are or-
thogonal: viv; = 0. If A is a multiple root of equatiog) of ordér(such
eigenvalues are also referred todegeneratg then there is a linear subspace
(aneigenspaceof dimension corresponding to that eigenvalue. Each vector in
this subspace satisfids {28) except for normalization,/amthonormal eigen-
vectors can be chosen as a basis of that subspace.

3. If RT = R (i.e., R is real and symmetric), a’s are real.

4. If R is positive (semi)definite, then all eigenvalues are positive (non-negative).

detR=J[N. ttR=> N, D r3=> N (30)
i i ,J i

6. If R is positive definite, and all off-diagonal entries are non-negative, then the
components of the eigenvector corresponding to the largest eigenvalue are all
positive.

Most of the time, the eigenvectors are taken to have unit length for identification, and
the eigenvalues are ordered from the largest to the smaNgst: A, > ... > A,. The
set{\} is also referred to as thepectrunof the matrixR.

Some numeric linear algebra considerations (Demmel 1997) should be taken into
account in the applied analysis. The most important one is how well is the matrix
conditioned. The ratio\; /A, is referred to as theondition numb@ of the matrix.

The condition number is the (upper bound of the) multiplier for the relative error of
a linear algebra algorithm (such as solution of a system of linear equations, matrix
inversion, or eigenproblem). In other words, it shows by how much the relative error
can be expected to go up from the inputs of the algorithm to its output. The relative
error in double precision arithmetics is abdix~'®, so the condition number of a

14 with respect to the operator, or spectral, norm of the matrix.
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matrix of the orderl0'® means that the linear algebra problems cannot be solved in
double precision for this matrix. lll-conditioned matrices should thus be avoided, and
an obvious example of such a matrix is the covariance or correlation matrix of the
dummy variables that sum up to one (i.e., no category was taken to be the base and
excluded). For such a matrix, the condition number is infinity. In practice, the solution
of the eigenproblem may still yield small non-zero eigenvalues due to round-off errors,
but the condition number would still be very high signalling the problem. Round-off
errors can also make some of the zero eigenvalues of a positive semi-definite matrix
negative, which is another signal for numeric problems in PCA. The modern software
is likely to have ways around such problems such as early automatic detection of zero
eigenvalu@ but the researcher should not completely rely on this, and make the
computations more efficient by unlinking the dummy variables from each other.

From the statistical point of view, the condition number can be viewed as a crude
measure of dependence between standardized variables if the PCA is performed on the
correlation matrix: if the variables are independent, all eigenvalues would be equal to
1, and the condition number is 1. For the dependent data, the condition number will
be greater than 1. It may also be useful for collinearity diagnostics in the regression
context.

The following example shows the relation between the eigenvalues of two correla-
tion matrices with attenuated correlations.

Example 3. If C; andC> are correlation matrices of the same size such that their off-
diagonal entries are proportional to each other:

cgil) = CE?) =LY =ac? 1<i#j<p (31)

(%) 7
thenC; can be represented as a convex combination:
Ci =aCy + (1 — Oé)Ip (32)
and the following holds:

0 = det(Cy — AV I,) = det(aCs + (1 — a)I,) — AV L) =

1) _
= det(a[Cs — AD]) = det(Cs — %IP) (33)

so the eigenvalues of the two matrices are related as follows:

AW 1 =a(X® 1) (34)

15 This is what Stata software does with collinearity diagnostics by dropping some of the variables it thinks
are responsible for it.
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In other words, the spectrum 6f; is shrunk towards 1 relative 16>. In particular, the largest
eigenvalue of” is greater than one, but not by as much as the largest eigenvaitie &o in
the PCA on the two matrices, the first PC will explain more variance for the m@grichan for
Ch.

If there is no strict proportionality between the entries of two matrix, a similar argument can
still be made by the Gershgorin circles theorem and its extensions (Brualdi & Mellendorf 1994).
The convex combinatiof (B2) would become

Ci=aCz+ (1—a)A (35)
wherea and A are found from
ai; =1, a=argmin Ra, Ro=max]|a;|,i,j=1,...,n (36)

For the original problemR, can be brought down to zero. Then the relatior] (34) between
eigenvalues of the two matrices would also need to be attenuated by rather crude upper bounds
R,, of the absolute value of the off-diagonale elements. X

C Rank correlations

A standard measure of the relation between the two variables is their correlation coef-

ficient: (X —E[X])(Y —E[Y)])
T X v °

(also referred to as Pearson moment correlation), and its sample analogue

1 ~Ti—Zy — 7§
T_nfli; Sg Sy (38)
Rankcorrelations deal with ranks, andr, given to the observations by two vari-

ablesz andy, rather than the valudg;, y;) themselves. Hence the rank correlations
are invariant under any monotone transformation of the original variables, not only un-
der linear transformations, as is the moment correlation. Thus the rank correlation of
say acres of land owned with income will be the same as the rank correlation of the
acreage with log income. Also this is more useful in our analysis if the underlying
welfare¢ and its empirical analogue produced by a version of PCA have a curvilinear
rather than a linear relation. In the latter case, the two will produce the same distri-
bution quintiles, even though the moment correlation will signal the departure of one
from another. Finally, our interest in the rank correlations is due to the use of PCA in
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ranking observations (households) according to their estimated welfare into quintiles,
as in Filmer & Pritchett (2001) or Demographic and Health Survey reports.
The most frequently used version of a rank correlatioBpearman rank correla-
tion, which simply uses the formula (38) withandy replaced by their implied ranks
r, andr,. When there are no ties, it can also be written as

n

6
=1-— wi — Ty.i)> 39
pPs nz(n _ 1) ;(T ) Ty, ) ( )
Another version of rank correlation is referred tak@ndall’'s7. If C'is the number
of concordant pairs of observations (i.e., batlandy place one of the observations
higher than the other)) is the number of discordant pairs, the total number of pairs is
N = n(n — 1)/2, then the two versions of Kendall’s correlation are defined as

S:C_D, 7—(J,:S/n7

o S
L V=0 =)
U= Zui(ui — 1)/2, V= Zvi(’l}i — 1)/2 (40)

wherew; is the multiplicity of the valuer;, andv; is the mutliplicity of the valuey;.
Thust, corrects for the ties in the data set.

The interpretation of Kendall’s is the (relative) number of pairwise transpositions
one would need to make to reorder the data so that two variables agree; and, as is
clearly seen from the definition, the proportion of concordant vs. discordant pairs of
observations.

All the aforementioned correlations can be embedded into the following general

formula:
p(d) = 2,5 Ui x5)d(yi, y5)
2oy Piszg) 325 5 (Yiry5)

where the generalized measure of discrepaticybetween the two observations;
as given by variables and/ory is:

(41)
} 1/2

o d(z;,z;) = sign(x; — z;) for Kendall's correlation {1 if the rankings agree,
and—1 if they disagree);

o the difference of the rank¥«x;, z;) = r,; — ry ; for Spearman’y;

o d(z;,z;) = x; — x; for Pearson moment correlation.
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The distributions of both rank correlations under the null hypothesis of indepen-
dence can be derived by noting that allcombinations are equally likely, and then
counting the number of combinations that give a particular valyg;@fr r. Those are
examples of discrete distributions even though the values of the random variable are
not integers. The asymptotic distribution of either quantity is normal since it is based
on the sums of identically distributed random variables. In particular, those correlation
coefficients are combinations @éf-statistics which are known to be asymptotically
normal (Hoeffding 1948, van der Vaart 1998).

It follows from (41) that Kendall’sr gives smaller weights to the pairs of ob-
servations that have drastically different ranks than Spearman’Kendall (1955)
shows that in large samples,l < 37 — 2pg < 1, although the limits are attained for
rather peculiar rankings. Another limiting inequality for large samples7and 0 is
37— 1 < ps < %+ 71— 172 Those inequalities show that usuattytends to be
smaller in magnitude thapy, and it is possible that the two rank correlations come up
to be of different signs.

The rank correlations can be linked to more easily understandable quintile misclas-
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Figure 7: The worst case misclassification rate with the highest Kendall's
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sification rates. The worst case scenario is depicted irff Fig. 7. In this case, the overall
misclassification is the highest, although the Kendallis not that badly affected. If

a fraction0 < v < % of observations in the bottom of each quintile are wrongly at-
tributed to the previous quintile, and the same number of observations from the top
of the quintile are attributed to the next quintile, then the overall misclassification rate
is 1.6v (so at the maximum when = % the misclassification rate is 80%: only the
10% at the very bottom and 10% at the very top are correctly classified), while the rank
correlation isl — 1.2822 (and even in the worst case it still is quite high at 0.68). Then
the upper bound on the misclassification rate (i.e. the worst case relation between the
two) is that the misclassification rate is no worse t@n— 27.

With the above relation betwegry andr, the boundary on the misclassification
rate can also be expressed in terms of Spearman’s correlation coefficient and becomes
[8(1 — ps)]*/*. This is a very pessimistic bound that gives the misclassification rate of
1 for ps = 7/8 = 0.875, and misclassification of 50%, fer, = 0.99.

Computation of Spearman’s correlatipg requires two additional sortings of the
data which is 8D (n lnn) operation. Computation of Kendall'sis of combinatorial
complexityO(n?) and not practically feasible for samples larger than few hundred, at
least not for the simulation purposes.

As a final comparison point, the statistical properties of Kendalbse somewhat
better studied in the statistical literature. In particular, it achieves asymptotic normality
faster than Spearman;s;, so the tests based enare more accurate in samples as
small asn = 20.

D PCA on binary indicators of a single factor

This appendix considers the results of the principal component analysis performed on

a set of dummy variables obtained as indicators of categories of another variable.
Suppose there is a single factgra single indicator, and a categorical version of

that indicator withK categories. This would be the case if one uses the Filmer-Pritchett

procedure to obtain weights if only a single categorical variable is observed, or it can

be the case when many categorical variables are coded in such a way that each unique

combination is represented by a corresponding binary indicator of that combination.
The categorical variable in this example will have a multinomial distribonf

16 A categorical variable: is said to have a multinomial distribution with categorles. . , K and proba-
bilities p1, . . ., px if for the sample of size:,

n!

1 nK|p71L1 ""'p?(K (42)

Prob[[{i:z; =1} =n1,...,[{i:2x; = K} =nkg] = -

This is a natural generalization of the binomial distribution into more than two categories. See Johnson, Kotz
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the proportion of the data ik-th category isrx, then the covariance matrix of the
dummy variables corresponding to the individual categories is

7T1(177T1) L L
— 7179 71'2(1—71'2) .......................

%= : . : . (43)
....................... —TK-1,K 7TK(1 — 7TK)

The next example deals with the case when there is the same number of observa-
tions in each category.

Example 4. In a special case when all categories are equally populateg-(me = ... =
nx = 1/K), the diagonal elements af& — 1)/K?, and off-diagonal elements arel /K>,
The correlation matrix is then

1 = —p
, —-p 1 —p ...
¥=1. . . (44)
-p —p 1
where 1K .
pe - (45)

(K-1)/K?  K-1
Then by using the symmetry arguments and direct verifi@mhe eigenvalues and the corre-
sponding eigenvectors are zero with an eigen@ujr](‘% (1,...,1),andK — 1 eigenvalues
of K/(K—1)withan eigenspa@generated by the vectors of the form= (1,...,0,—1,0,...,0)
that have -1 in theii-th position. The proportion explained by the first principal component (and,
in fact, all non-trivial components) will be/(K — 1). The first principal component is not well
defined in this case: any weights that sum up to zero can be taken as the weights for the first
PC. As a result, the sample first PC will be extremely unstable. (The problem may be diag-
nosed in the way described in Appenfik A: the analyst would need to have a look at the second
component as well, and would find that the first two sample eigenvalues are close to each other.

& Balakrishnan (1997), Chapter 35.

17 See AppendiE}E, @2.

18 |t corresponds to the bookkeeping condition + ... + mx = 1. The variance of this condition is
identically zero, and that is shown by the zero eigenvalue. If the dummy variables are coded in such a way
that some of them sum up to 1, then one or more eigenvalues would be equal to zero. From the theoretical
point of view, this does not constitute a significant problem, as the eigenvalues and the scores would be
the same should one of the categories be dropped. The zero eigenvalues, however, may be a problem for
numerical stability of the eigenproblem algorithms as explained in App@dix B.

19 see AppendiB\, Bl on explanation of eigenvectors and eigenspaces.
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This result can also be derived at from the asymptotic distributions viewpoint described also in
AppendixA.) X

In the general case, the proportions of categories will be different, and the next
example gives a basic analysis of this case.

Example 5. Let us now consider a more realistic setting whefe> w2 > ... > 7k
(the ordering is assumed for the sake of transparency of the analysis). This will be the general
case for discrete data if we simply consider all possible categories together, and create dummy
variables for each of them. If there was a natural ordering of the categories, it is disregarded in
this analysis.

Now, the correlation matrix becomes

1 —p12 —pP13
—pP12 1 —p23 o
Y= . ) . _ (46)
—pPK-2,K —pPK,K—1 1

Within each row or column, the values pf; are decreasing, in absolute value, as one moves
further away from the diagonal:

T T35
Pis = Vil —m)mi(1 — ) VA =m)(1 - 7y) 47
is a monotone increasing function of eithegror 7;. The entryp.2 is the largest off-diagonale
entry, so the principal component analysis / eigenproblem of the miatiix (46) will pick up on this
entry, assigning the two largest weights of different sign to the indicators of the first and second
categories, thus increasing the variance of their linear combination.

In the simplest analytically tractable cag€,= 3, suppose that the population fractions are
1/3 + A, 1/3, and1/3 — A, whereA « 1 is a perturbation (Judd 1998, chapter 13) — say
due to sampling fluctuations. Then by taking the first order expansion with resp&cote can
show that the correlation matrix of the perturbed distribution is

1 -d-ga o
_13A 1 EESE YN (48)
TS T

By solving the eigenproblem for this matrix, one finds that the double eigenvalue of 3/2 splits into
3/24++/3A/4 and3/2—+/3A /4 with the zero order terms of eigenvectors proportiondltd —
V3,43 —2) and(v/3 — 2,1 —+/3, 1) (the normalized versiong0.789, —0.577, —0.211) and
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(—0.211,-0.577,0.789), respectivel@ The third eigenvalue is still identically zero which
reflects the fact that the sum of the dummy variables related to a single factor is 1, so that
the covariance and correlation matrices are singular. The null space eigenvelotof3igl +
A/4,1,1 — A/4). The proportion of the variance explained by the first principal component
goes up from a half ta/2 + v/3A /4. X

If we interpret the perturbation of the correlation matrix as the effect of sampling
fluctuations under the true distribution that puts equal masses to all of the three cate-
gories (i.e., if we analyze the empirical correlation matrix that has a (48) while the
true population correlations aFel/QE], then the first principal component is highly
unstable and swings discretely into an arbitrary combination of the weights approxi-
mately equal tat0.789, F0.577, F0.211 given to the three categories depending ex-
clusively on the sampling fluctuations, i.e., which of the categories happened to have a
larger representation in the particular sample.

If the categories were ordered, then only with probability of 1/6 does the first PC
give the right ordering of the categories (when the top category is the most populated
one, and the bottom, the second largest), and with probability 1/6, the reverse ordering
of categories. (In the latter case, the analyst would still be able to recover the “right”
ordering if she checks the direction of her empirical first PC.) In the remaining 2/3
of cases, the first PC score puts one of the extreme categories in the middle of the
distribution thus breaking the natural ordering. With more categories, the situation is
likely to get worse. The practical implication is that if the dummy variables are to
be used per se in the PCA, then for stability of the analysis it is desirable that the
proportions of the data points in those categories are different enough, and the top and
bottom groups are the two largest. If those conditions are violated, the results of the
PCA may not make much sense. Of course, in practice one would use several different
factors, so the situation may not be that dim if several variables were used to construct
the binary indicators.

20 The first order analysis of the perturbed correlation matrix cannot give the corrections to the eigenvectors
a. If the linear system{(X — A\I)a = 0 is perturbed X is changed intd= + AYX), then the first order
approximation forAa is (X — AI)Aa = —(AX — AXI)a. The matrix in the left hand side, however,
is not invertible, so there is no unique solution . Higher order expansions lead to nonlinear matrix
problems. The statistical implication of that is high sampling variability of the empirical eigenvectors that
really is found in practice: the observed eigenvector may be quite farfr(nr89, —0.577, —0.211) even
for fairly small deviations fronk.

21 The fact that the middle category is not perturbed is not particularly important: the main issue is that
the three categories are not equally populated.

49



E Proofs, derivations and examples

E.1 Applicability of PCA for (5)

Suppose the (continuous, fully observed) dafa. .., z, come from the model with

one latent variablé (c.f. (5)):
T = Ai€ + Ok,
V(o] = diag(0¥, ..., 0%), V[ =0
The simulations in Sectidrj 3 make further simplifying assumptions:
o =o?Vk
Ap=0bk=1,...,p1; Ag=1Lk=pi1+1,...,p1+p2=p

Then the covariance matrix afhas the block form

b2¢ + o2 b2¢ b bo
b2 o +o? ... bo bo
Viz] = : : . : : :
2 bo bo e ot L 1)
bo bo 1) .. d+0?
and the correlation matrix has a similar structure
1 w ... w ... w
u 1 ... w ... w
C = Corr[z] = :
wow 1 v
w w v 1
2
yo 0 ¢ _ bo _

“Pe+e? T ot T et oo+ 07

assuming all correlations to be positive, which will be provides 0.

E.2 Optimal prediction ¢

Based on the observed, .. ., z,, let us construct a prediction gfas

é: Zakxk
k
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Although it may look like a regression-type prediction, it really is not. The m¢dél (50)
definegp equations withe, being the dependent variable, anideing the only indepen-
dent variable in the regression. Rather, this is a probleinwase regressiangiven
the values of the dependent variable(s), construct the best estimate of the explanatory
variable.

If z1,...,2,,& have a multivariate normal distribution (as would be the case if
&~ N(0,¢) anddy, ~ N(0,0?)):

+T
xl,...,xp,§~N<0, (f (b)) (55)

where¥ = V[z], 7 = Cov]|z,£], then by the properties of the normal distribution
(Mardia et al. 1980),

fle =E[E]+ 772 Yo —Elz]) =772 2 (56)

which indeed defines a linear combinationut.

The weightsay, in the linear combinatior{ ($4) can be found through the matrix
formulae in [(56), where the inverse mathix ! can be shown to have the same block
structure as does, but an easier and more straightforward way can be to noté that
is a projection oft onto the space of’s, and as a projection, it should minimize the
norm of the squared deviations:

E[§ — ¢ — min (57)
Note further that the firgb; variables are the same in their statistical properties, and
the permutation of those would not change the covariance matrjx jn (55), so neither
would it change the weights resulting from [56). Thus, the fifsvaluesay, . . ., a,,

are identicala; = ... = a,,. Likewise, the lasp, entries are also equal to each other:
ap,+1 = ... = ap. Let us denoter; = «, a, = §. Then the projection problem
becomes
p1t+p2
Zamk + Z Bxy — &7 — I(Iyllél (58)
k=p1+1
Then
p1+p2 P1 p1t+p2
ZMH > Bk —€P =ED a®i+a)+ Y, BE+&H) —& =
k=p1+1 k=1 k=p1+1
p1+p2
Zask + > Bk +prbof + pafE — € =
k=1 k=pi1+1
2 2 2 2 2
= a p10” + B7pao” + (prba + p2B —1)7¢ (59)
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Introducingy = o2 /¢, we can rewrite the minimization problem as
V(a,B) = a®piv + B2pav + (prbo + paf — 1) — mi[? (60)
«,

Taking the derivatives yields:

1917
Er 2ap1v + 2p1b(pr1ba +p2B —1) =0
oV
i 208pav + 2pa(p1ba +p2f —1) =0 (61)
Solving this gives
1
N iy N 62
=ty (62)
R 1 p1 p
= bxy + T 63
; plbupﬁy(k_l ‘ k;ﬂ ©) (63)

The most important implication is that the ratio of the weight$ in} (63) is equalttee
ratio of the original factor loadings if (p0) arjd {51).

E.3 PCA for (54)

Let us first consider a somewhat simpler case of the eigenproblenpfar@amatrix

U 1 ... u
Q(u) = : oo, : (64)
...... u 1

If e; =(0,...,0,1,0,...,0) is a unit vector with 1 at-th position, then

1 u 1—u
U u 0
Qe; —e;) = .1 = u 1 =(1—-u)(eg —e;) (65)
u 0

sol — u is a multiple eigenvalue of the ordgr 1 with the corresponding eigenvector
e1 — e;. An orthonormal basis of this eigenspace can be found as the set of vectors

u7:=[—1+(p—1)(p—\/ﬁ)]€1+ei+(p—\/ﬁ)zej7 i=2,...,p (66)
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The last eigenvalue can obtained by noting that

1 1+(p—1)u 1
1 1 —Du 1

ol .| = Hp: el [+ (p—1)u] | | (67)
1 1+(p—1)u 1

so the eigenvalue i + (p — 1)u and the corresponding eigenvector(is. .., 1)7,
with a normalized versiop—/2(1,...,1)T.

For a more interesting case {53), let us find the largest eigenvalue (assuming all
correlations to be positive) and the corresponding eigenvector:

a'Ca — max (68)

a:llal|=1

By the symmetry argument similar to the one in the preceding section, thefirst
elements ofi should be identical, and the also lastelements ofi should be identical.
By denoting thent andn, respectively, the quadratic form becomes

T T

¢ 1w ... w ... w ¢ ¢+ (p1 — DuC + pown ¢
¢ u 1 ... w ... w ¢ ¢+ (p1 — DuC + pawn ¢
7 w o w ... 1 ... w n| prw¢+n+(p2 —1)n n|
1 wow ... v ... 1/ \n pwC+n+(p2—1)n n
= piuC® + 2p1pawln + pion? = (p1v/u¢ + pay/on)? (69)

The norm of the vector is then ¢* + pyn* = 1, and the maximization problem is
(P1VuC + pav/om)? —  max (70)
¢mp1¢24pan?=1

The Lagrangian is

L(¢,n, A) = (p1v/u¢ + pav/vn)® — A(p1¢* + pan® — 1) (71)

and the partial derivatives are

%g = 9y u(pu I+ o) — 2ApiC = 0
%{; = 2p2v/u(p1vuC + pav/on) — 2Apan =0 (72)
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so the the weights are

u ¢+ o2 1+v b—1
. —b %b(l— )forbxl,
\/; b2 + o2 b2+ 1+v
u v
=) — =, — 73
p1U + p2v K p1U + p2v (73)

Thus the weights differ from being proportional (b,

.,b,1,...,1), although not
very greatly ifb is close to 1. The value of the quadratic form is the largest eigenvalue

2
piu Pp2v
u + pav/on)? = + = pru + pov 74
(p1v/ug + p2v/vn) <\/p1u+p2v \/plu—i—pgv) p1U + p2 (74)
so the proportion of the explained variance is

Ry — P1u+pov _ pru+ pav (75)
p p1+Dp2
If the PCA is performed on the original variables (or their covariance matrix), then
we can show that the first principal component will be the sanfe‘mn @). Indeed
upon invoking the symmetry argument once again, the problem now becomes

p1+p2
T + k) max 76
ZC e Z 7 C n:p162+pan?=1 (76)
p1+1

Then the variance of the linear combination in question is

P1+p2 P1 p1+p2
Z§1k+ Z nx] ZC(b{—Fék)—i— Z (& + )] =
k=p1+1 k=1 k=p1+1
p1+p2
V[(p1bC + pan)€ + Z O+ Y n+ 0k = (p1b¢ + pan)®é + piCPo + pin’o
k=1 k=pi+1
(77)
The Lagrangian for the problem is
_ 2 2 2 2. 2 2 2
L(C,n A) = (p1bC +p2n) ¢ +p1¢ o + pan o — A(piCC +pon” — 1) (78)
The partial derivatives are
OL 5
- 2¢p1b(p1b¢ + pan) + 2p1¢o” — 2Ap1¢ =0,
OL 5
o 2¢p2(p16¢ + pan) + 2pano” — 2Apan = 0,
(79)
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Rearranging the terms leads to
¢ =bn=b(p1b* +pz)~ /2 (80)

so the ratio of the weights is just as for the in @).
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